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We propose a model for isotropization and orresponding
thermalization in a nuleon system reated in the ollision of
two nulei. The model is based on the assumption: during the
reball evolution, two-partile elasti and inelasti ollisions give
rise to the randomization of the nuleon-momentum transfer
whih is driven by a proper distribution. As a rst approximation,
we assume a homogeneous distribution where the values of the
momentum transfer is bounded from above. These features have
been shown to result in a smearing of the partile momenta
about their initial values and, as a onsequene, in their partial
isotropization and thermalization. The nonequilibrium single-
partile distribution funtion and single-partile spetrum whih
arry a memory about initial state of nulei have been obtained.
1 Introdution
The problem of isotropization and thermalization in
the ourse of ollisions between heavy relativisti ions
attrats muh attention, beause, while desribing
experimental data, the appliation of thermodynami
models is one of the basi phenomenologial approahes.
Reently [1℄, this issue was examined for quark-gluon
plasma produed as a result of ultra-relativisti A + A
ollisions in experiments at CERN (Geneva) and BNL
(Upton) [2℄.
Nowadays, there exist a few interesting models
for the explanation of the thermalization phenomenon
in parton systems. Among them, there is a model,
whih onsiders, in the framework of quantum
hromodynamis, the inuene of external olor elds
on vauum with the following reation of thermalized
system of hadrons [3℄. There is also a model
of thermalization in heavy ion ollisions, whih is
onsidered as a onsequene of the HawkingUnruh
eet [4℄.
Suh an enhaned attention to those phenomena
arose, beause, along with other fators, the assumption
about a loal thermodynami equilibrium is suessfully
applied in various domains of high-energy physis.
For instane, the transverse spetra of hadrons look
thermalized not only if heavy ions ollide, when the
reation of many-partile statistial systems is adopted
as an indisputable fat [5℄, but also at an e+e−
annihilation (see work [6℄), when the issue onerning
the reation of many-partile system remains open for
disussion.
In this work, we attempted to nd an explanation
for the thermalization phenomenon, starting from suh
basi onepts as the onservation laws of energy and
momentum, and leaving details, whih are harateristi
of every spei proess, aside for further investigation.
We oer a model, to a large extend simplied, whih
we alled the maximal isotropization model (MIM). This
model belongs, to a ertain degree, to transport ones; we
onsider the evolution of the system, but we parametrize
this development by the number of ollisions of every
partile in the system rather than by the time variable.
The idea of maximal isotropization onsists in that, we
suppose that a nuleon momentum transfer after every
three nuleon-nuleon (-hadron) ollisions beomes a
random quantity driven by a proper distribution.
Let us assume for the moment that elasti sattering
is the main ontribution to the two-nuleon ollision
amplitude. Owing to the features of ollisions between
heavy ions, the initial (before the rst ollision) momenta
of partiles in N -partile system A and N -partile
system B are known exatly. More preisely speaking,
the initial momentum of every nuleon in the nuleus A
is ka = k0 = (0, 0, k0z), while the initial momentum
of every nuleon in the nuleus B is kb = −k0 =
(0, 0,−k0z). The energy and momentum are onserved
in every separate ollision of two partiles
ω(ka)+ω(kb) = ω(pa)+ω(pb), ka+kb = pa+pb, (1)
where ka and kb are the initial momenta of this
partile pair, while pa and pb are the orresponding
nal momenta. We assume that the partiles are on the
mass shell, so that ω(k) =
√
m2 + k2. We also adopt
the system of units, where ~ = c = 1.
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So, after the rst ollision, we have only four
equations for the determination of six unknown
quantities, pa and pb. It means that two quantities, e. g.,
(pa)x and (pb)x, remain unertain and an be onsidered
as suh whih aept random values, whih are driven
by a sattering probability. After the third ollision,
every omponent of the partile momentum beomes
ompletely random. If the initial momentum is xed this
means a full randomization of the momentum transfer
after three serial ollisions. So, if we follow nuleon
sequential elasti sattering from the rst ollision to
the last one we would see a full randomization of
the momentum transfer after every three sequential
sattering.
NN
NN
Fig. 1. Example of inelasti ollision of two nuleons with
reation of two pi-mesons, N +N → N +N + pi + pi.
In the inelasti ollisions, the nuleon momentum
transfer undergoes even faster randomization. Indeed,
let us onsider, for example, the proess of reation of
nπ pions in the nuleon-nuleon reation: N + N →
N + N + nπ · π. The proess leads to randomization
of [3(2 + nπ) − 4] degrees of freedom, or dp degrees
of freedom per partile beomes random, where dp =
3 − 4/(2 + nπ) and we assume that all partiles are on
the mass-shell. For instane, if nπ = 2 (see the physial
diagram of the ollision depited in Fig. 1), then two
omponents of the momentum of every partile after
reation beomes random, i.e. dp = 2 in this proess.
If nπ ≫ 1, the number of the random degrees of freedom
per partile ahieves its maximal value dp = 3. We see
that in the inelasti ollisions the randomization of the
nuleon momentum transfer, attributed to one physial
diagram, goes faster than in the elasti sattering.
To estimate the eetive number of ollisions,M , we
analyze all nuleon ollisions (physial diagrams), Ncoll,
and obtain a total sum of the random degrees of freedom,
dtot, gained by the partile during all reations before
the freeze-out, i.e. we need to know dtot =
∑Ncoll
i=1 d
(i)
p .
Then, the eetive number of ollisions is determined as
M = dtot/3.
So, in the framework of the MIM we assume a
randomization of the momentum transfer, p (see Fig. 2),
after every eetive ollision and the number of eetive
ollisions, M , is determined for a partiular experiment.
At the same time, we assume that the value of the
momentum transfer is bounded from above by a maximal
value pmax. Here, we based on the experimental fat that
p
k+p
k
pmax
Fig. 2. Nuleon momentum transformation as a result of
two-partile ollision; k is the initial momentum, p is the
momentum transfer, k+p is the momentum after reation,
pmax is the maximally allowed value of the momentum
transfer.
in hadron-hadron and nuleus-nuleus ollisions at high
energies the big values of the momentum transfer are
suppressed and the eikonal approximation is appropriate
for desription of two-partile sattering and multi-
partile prodution.
2 Partile Distribution in Momentum Spae
As a building blok for more ompliate piture of
relativisti nuleus-nuleus ollisions we onsider an
idealized many-partile system where every partile
experienes the idential number of eetive ollisions,
M , before system deay. Indeed, nite number of
ollisions is a ommon feature of the system with
nite life time. Consider suessive variations of the
momentum of the n-th nuleon from nuleus A, whih
moves along the ollision axis from left to right. Every
m-th ollision indues the momentum transfer, p
(m)
n , for
the n-th nuleon so that, after M ollisions, the nuleon
aquires the momentum kn:
k0 → k0+p
(1)
n → k0+p
(1)
n +p
(2)
n → · · · → k0+P n ≡ kn ,
where P n =
∑M
m=1 p
(m)
n , see Fig. 3.
k0+P
k0
P
Fig. 3. Transformation of the initial nuleon momentum,
k0, as a result of M ollisions; P =
P
M
m=1 p
(m)
is the total
momentum transfer after M eetive ollisions.
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To be more illustrative, the set of random variables
p
(m)
n an be presented in the form of a table, where every
row appears after every of the N partiles from system
A (the left side of the table) and B (the right side of the
table) has ollided:
1 . . . N N + 1 . . . 2N
k0 . . . k0 −k0 . . . −k0
1 p
(1)
1 . . . p
(1)
N p
(1)
N+1 . . . p
(1)
2N
2 p
(2)
1 . . . p
(2)
N p
(2)
N+1 . . . p
(2)
2N
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
M p
(M)
1 . . . p
(M)
N p
(M)
N+1 . . . p
(M)
2N
The nal momentum k1 of the rst partile an be
determined by summing up quantities in the rst olumn
of the table, the nal momentum k2 of the seond
partile by summing up quantities in the seond olumn,
and so on.
The main goal of this work is to determine f2N , the
density distribution funtion in the momentum spae,
whih desribes 2N nuleons after M ollisions per
partile. We write the total energy and momentum of
the nuleons after freeze-out:
Etot =
2N∑
n=1
ǫn and P tot =
2N∑
n=1
kn , (2)
where ǫn = ω(kn) =
√
m2 + k2n. All onsideration
is arried out in the .m.s. of two idential olliding
nulei, hene the initial total momentum of the system
A + B is equal to zero. As we disuss further, the
total momentum of the system of 2N nuleons, P tot,
an slightly dier from zero after freeze-out beause of
reation of seondary partiles. Let us write down the
density distribution funtion in the form
f2N = Cf˜2N , (3)
where C is the normalization onstant. The
unnormalized distribution funtion f˜2N an be dened in
a two-fold way: rst we follow all ollisions of partiular
nuleon by integration with respet to all nuleon
random momentum transfer, seond we x the total
energy and total momentum of 2N -nuleon system after
freeze-out in a miro-anonial-like way. Then, it reads
f˜2N (Etot,P tot;k1, . . . ,k2N ) =
=
∫
dP1
V
. . .
dP2N
V
N∏
n=1
[
δ3
(
kn − k0 −
M∑
m=1
p(m)n
)]
×
×
2N∏
n=N+1
[
δ3
(
kn + k0 −
M∑
m=1
p(m)n
)]
× δ
(
Etot −
2N∑
n=1
ǫn
)
Vp δ
3
(
P tot −
2N∑
n=1
kn
)
, (4)
where V is the volume of the system in the oordinate
spae and the element of volume in the momentum
transfer spae aessible for the n-th partile in the series
of M ollisions reads
dPn ≡ J
(
p
(1)
n
)
d3p(1)n · . . . · J
(
p
(M)
n
)
d3p(M)n , (5)
where the distribution of the momentum transfer
is haraterized by the presene of the form-fator
J(p). For the sake of simpliity we assume that this
distribution is homogeneous one and the available values
of the transferred momentum are restrited from above.
So, as a rst approximation we adopt that the form-
fator has the following form:
J(p) =
1
Vp
θ(pmax−|px|) θ(pmax−|py|) θ(pmax−|pz|) , (6)
where Vp = 8p
3
max and
∫
d3p J(p) = 1.
If the value of the maximally allowed transferred
momentum sales as pmax ∼ 1 GeV/ then,
our assumption atually means that nuleon-nuleon
(hadron-hadron) reations annot go in the spatial
volume whih size is less than 0.2 fm or the nuleons
annot be loser than the distane 0.2 fm (ompare this
with the models where nuleon-nuleon potential has a
hard ore).
Beause we x the total momentum of the nuleon
system after freeze-out by the presene of the δ-funtion,
δ3
(
P tot −
∑2N
n=1 kn
)
, we introdue the multiplier Vp
just to provide the dimension of the density distribution
in the same way as of ommon use in statistial
mehanis.
Note, beause of reation of seondary partiles the
energy of the nuleon system after freeze-out, Etot, is
in the following orrespondene with the initial energy,
E0, whih is xed as the energy of net nuleons before
ollision in the .m.s. of olliding nulei
E0 = Etot + Esp , (7)
where Esp is the energy of the seondary partiles.
And in a similar way the total momentum of the
nuleon system after freeze-out, P tot, is in the following
3
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orrespondene with the initial momentum, P 0, of the
nuleons
P 0 = P tot + P sp , (8)
where P sp is the momentum of the seondary partiles.
If we investigate the ollisions of idential nulei then,
P 0 = 0. However, the value of the momentum of the
nuleon system after freeze-out, P tot, an be nite and
is xed by equation P tot + P sp = 0.
We normalize the density distribution funtion in
suh a way that simultaneously determines the density
of states in the system:
Ω2N =
∫
dk˜1 . . . dk˜2N f˜2N (Etot,P tot;k1, . . . ,k2N ) , (9)
where the element of single-partile phase spae looks
like (in units of ~): dk˜n = V
d3kn
(2π)3 . Hene, the
normalization onstant C is equal to
C =
1
Ω2N (Etot,P tot)
. (10)
Making allowane for notation (5), the unnormalized
density distribution (4) an be written down in the form
f˜2N (Etot,P tot;k1, . . . ,k2N ) =
= δ
(
Etot−
2N∑
n=1
ǫn
)
Vp δ
3
(
P tot−
2N∑
n=1
kn
)
×
N∏
n=1
[∫
d3an
V (2π)3
e−ian·(kn−k0)
M∏
m=1
∫
Vp
d3p
(m)
n
Vp
eian·p
(m)
n
]
×
2N∏
n=N+1
[∫
d3bn
V (2π)3
e−ibn·(kn+k0)
M∏
m=1
∫
Vp
d3p
(m)
n
Vp
eibn·p
(m)
n
]
.
(11)
Here, we presented δ-funtions, whih orrespond to the
onservation of momentum in a series of two-partile
ollisions, in terms of the Fourier integrals over the
variables an and bn.
Let us dene an auxiliary funtion
g(a) ≡
∫
Vp
d3p
Vp
eia·p =
3∏
i=1
sin (aipmax)
aipmax
, (12)
where the niteness of the allowed momentum spae
(determined by (6)) has been taken into aount. Making
use of this funtion, the unnormalized distribution
density, f˜2N , an be rewritten in the unied form
f˜2N(Etot,P tot;k1, . . . ,k2N ) =
= δ
(
Etot −
2N∑
n=1
ǫn
)
Vp δ
3
(
P tot −
2N∑
n=1
kn
)
×
N∏
n=1
[
1
V
∫
d3an
(2π)3
e−ian·(kn−k0)+M ln g(an)
]
×
2N∏
n=N+1
[
1
V
∫
d3bn
(2π)3
e−ibn·(kn+k0)+M ln g(bn)
]
. (13)
To obtain the partition funtion, we should make the
Laplae transformation of the density-of-states funtion
(9) with respet to the variable Etot (it is evident that
the funtion Ω2N depends on the external parameters
Etot and P tot):
Z2N(β,P tot) =
∞∫
Emin
dEtot e
−βEtot Ω2N (Etot,P tot) =
=
∞∫
Emin
dEtot e
−βEtot
×
∫
dk˜1 . . . dk˜2N f˜2N (Etot,P tot;k1, . . . ,k2N ). (14)
This proedure, after the order of integration has been
hanged, brings about the Laplae transformation of the
unnormalized density distribution funtion f˜2N :
F˜2N(β,P tot;k1, . . . ,k2N ) =
=
∞∫
Emin
dEtot e
−βEtot f˜2N (Etot,P tot;k1, . . . ,k2N ) , (15)
Taking Eq. (13) into aount, we obtain
F˜2N(β,P tot;k1, . . . ,k2N ) = Vp δ
3
(
P tot −
2N∑
n=1
kn
)
×
N∏
n=1
[
e−βǫn
1
V
∫
d3an
(2π)3
e−ian·(kn−k0)+M ln g(an)
]
×
2N∏
n=N+1
[
e−βǫn
1
V
∫
d3bn
(2π)3
e−ibn·(kn+k0)+M ln g(bn)
]
. (16)
While doing the Laplae transformation, we did not
onsider the possible dependene of pmax on Etot.
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Therefore, in what follows, the value of pmax will be
taken onstant, thus playing the role of a parameter.
So, the partition funtion (14), whih is analogue
of the partition funtion in the anonial ensemble (in
what follows, for simpliity we name it as the anonial
ensemble), an be written now in the following way
Z2N (β,P tot)=
∫
dk˜1 . . . dk˜2N F˜2N(β,P tot;k1, . . . ,k2N ).
(17)
Following this line one an determine the distribution
funtion in the anonial ensemble
F2N (β,P tot;k1, . . . ,k2N )=
F˜2N(β,P tot;k1, . . . ,k2N )
Z2N(β,P tot)
.
As a matter of fat, the mean values of the physial
quantities whih are evaluated with the help of the
distribution funtion, f2N = f˜2N/Ω2N from (3), are
obtained when the total energy of nuleons after
freeze-out, Etot, is xed. Meanwhile, the mean values
evaluated with making use of the distribution funtion,
F2N (β,P tot;k1, . . . ,k2N ), will be at xed parameter β.
3 Partition Funtion for a Large Number of
Collisions
To alulate integrals over the variables an and bn on
the r.h.s. of Eq. (16) in the ase where the number of
ollisions for every partile is large, M ≫ 1, the saddle-
point method an be applied. It implies the use of the
following approximation:
eM ln g(a) = e
M
3P
i=1
ln
„
sin (aipmax)
aipmax
«
≈ e−
M
6 a
2p2max . (18)
This expression is to be substituted to (16). The
analogous operation is fullled in relation to the
integration variables bn. Using the Poisson integral we
make integration in (16) with respet to the variables
an and bn. Then, the partition funtion (17) for the
anonial ensemble, an be written in the following way
Z2N (β,P tot) =
Vp
(2π)3
∫
d3x e−iP tot·x (19)
×
N∏
n=1
[(α
π
)3/2∫ d3kn
(2π)3
e−βω(kn)+ikn·x−α(kn−k0)
2
]
×
×
2N∏
n=N+1
[(α
π
)3/2∫ d3kn
(2π)3
e−βω(kn)+ikn·x−α(kn+k0)
2
]
,
where the δ-funtion, whih reets the onservation law
of total momentum of the nuleon system after freeze-
out, is presented in the form of Fourier integral over the
variable x, and the parameter α is dened as:
α ≡
3
2Mp2max
. (20)
Note, if instead of the Cartesian oordinate system one
makes evaluations in the spherial oordinate system in
the spae of momentum transfer, then instead of the
form-fator (6) and the quantity α dened in (20) one
should use expressions: J(p) = θ(pmax − |p|)/Vp, where
Vp = 4πp
3
max/3 and α = 5/(2Mp
2
max), respetively.
We dene auxiliary single-partile funtions
za(b)(β,x) ≡
(α
π
)3/2 ∫ d3k
(2π)3
× exp
[
−βω(k) + ik · x− α(k ∓ k0)
2
]
(21)
for the systems (nulei) A and B, respetively. With their
help, the partition funtion Z2N (β,P tot) from (19) an
be rewritten as follows:
Z2N=
Vp
(2π)3
∫
d3x e−iP tot·x+N ln za(β,x)+N ln zb(β,x). (22)
This expression will be basi for further researh in this
work.
3.1. Collision of two idential nulei
In the ase of ollision between two idential nulei, all
nuleons in the one nuleus have the initial momentum
k0 and all nuleons in the other nuleus have the initial
momentum −k0. The alulation of partition funtion
(22) will be arried out making use of the saddle-point
method at N ≫ 1. We expand the funtions ln za(β,x)
and ln zb(β,x) (see (21)) into series with respet to the
variable x about the point x = 0 up to the seond order
inlusive:
ln za(β,x)≈ ln za(β, 0)+
3∑
i=1
[
1
za(β,x)
∂za(β,x)
∂xi
]
x=0
xi
+
1
2
3∑
i,j=1
[
1
za(β,x)
∂2za(β,x)
∂xj∂xi
−
1
z2a(β,x)
∂za(β,x)
∂xj
∂za(β,x)
∂xi
]
x=0
xjxi . (23)
We dene two funtions (see (21))
za(β) ≡ za(β, 0) , zb(β) ≡ zb(β, 0) . (24)
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Then, regarding za(β) and zb(β) as the single-partile
partition funtions, the terms in brakets on the r.h.s.
of (23) an be taken as the statistial averages of ki,
kikj , and so on. Indeed, we designate suh quantities by
angle parentheses 〈. . .〉a and 〈. . .〉b, where the subsripts
a and b mean that averaging is arried out making use
of the single-partile partition funtion za(β) or zb(β),
respetively:
〈. . .〉a(b) ≡
(α/π)
3/2
za(b)(β)
∫
d3k
(2π)3
(. . .) e−βω(k)−α(k∓k0)
2
. (25)
Thus, we an rewrite expression (23) in terms of the
averaged momentum omponents:
ln za(β,x) ≈ ln za(β) + i
3∑
i=1
〈ki〉axi−
−
1
2
3∑
i,j=1
(
〈kikj〉a − 〈ki〉a〈kj〉a
)
xixj . (26)
It is evident that the analogous expression an be written
down for partiles from system B as well.
Now, we introdue the orrelation funtion of
momenta,
C
(r)
ij ≡ 〈kikj〉r − 〈ki〉r〈kj〉r , (27)
where r = a or b, and write expression (26) for system
A and the analogous one for system B:
ln zr(β,x) ≈ ln zr(β) + i〈k〉r · x −
1
2
3∑
i,j=1
C
(r)
ij xixj .
It allows us to rewrite partition funtion (22) as follows:
Z2N (β) ≈ z
N
a (β) z
N
b (β)
Vp
(2π)3
∫
d3x
× exp
−iP tot · x+i 2N〈k〉 · x−N 3∑
i,j=1
Cijxixj
, (28)
where
Cij =
1
2
(
C
(a)
ij + C
(b)
ij
)
, 〈k〉 =
1
2
(
〈k〉a + 〈k〉b
)
. (29)
Integration of the Poisson integral on the r.h.s. of
Eq. (28) brings about a simpler result
Z2N (β) ≈ z
N
a (β) z
N
b (β)
(
1
4πN
)3/2
Vp(
det Ĉ
)1/2 ×
× exp
[
−N (ptot − 〈k〉) · Ĉ
−1 · (ptot − 〈k〉)
]
, (30)
where ptot = P tot/2N .
From expression (30), one an determine the
two-soure single-partile partition funtion, whih
simultaneously onerns both systems A and B:
z(β) = za(β) zb(β)
(
1
4πN
)3/2N Vp(
det Ĉ
)1/2

1/N
× exp
[
− (ptot − 〈k〉) · Ĉ
−1 · (ptot − 〈k〉)
]
, (31)
so that we an write down that
Z2N(β) = z
N(β) . (32)
We would like to emphasize the validity of the
following limit value:
lim
N→∞
(
1
4πN
)3/2N
= 1 .
For instane, at N = 10, 100, 200, and 1000, the
orresponding estimations are (1/(4πN))3/2N = 0.48,
0.90, 0.94, and 0.99. As a result, in the ase P tot = 0
and provided that the partile number N is rather large,
it follows from Eq. (31) that
lim
N→∞
z(β) = za(β) zb(β) e
−〈k〉· bC−1·〈k〉 .
3.2. Calulation of orrelation matrix Cij
Consider now the alulation of the elements of
orrelation matrix for the ollision of two idential nulei
in the enter-of-mass frame, i.e. we adopt the initial
momentum k0 = (0, 0, k0z).
We would like to reall the denition of the
orrelation matrix,
Cij ≡
1
2
[
C
(a)
ij + C
(b)
ij
]
=
=
1
2
[
〈kikj〉a + 〈kikj〉b − 〈ki〉a〈kj〉a − 〈ki〉b〈kj〉b
]
. (33)
We note, the average of transverse omponents of the
momentum is equal to zero, 〈kx〉a(b) = 〈ky〉a(b) = 0.
From denition (25) it is evident that the eetive
average momentum (29) is
〈k〉 ≡
1
2
(
〈k〉a + 〈k〉b
)
=
(
0, 0,
1
2
(〈kz〉a + 〈kz〉b)
)
,
while
〈kxky〉a(b) = 〈kxkz〉a(b) = 〈kykz〉a(b) = 0 , (34)
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i.e. all the non-diagonal elements of the orrelation
matrix are equal to zero. As a result, the matries Cˆ(a)
and Cˆ(b) are diagonal; hene, the matrix inverse to Cˆ is
diagonal as well, namely,
Ĉ−1=

2
C
(a)
11 +C
(b)
11
0 0
0
2
C
(a)
22 +C
(b)
22
0
0 0
2
C
(a)
33 +C
(b)
33
 .
Consider the two-soure single-partile partition
funtion (31) in the ase where the total momentum of
the nuleon sub-system after freeze-out equals to zero,
ptot = P tot/2N = 0. Bearing the struture of the
orrelation matrix in mind and taking the value of the
averagemoment 〈k〉 into aount, partition funtion (31)
an be rewritten in the form
z(β) = za(β) zb(β)
(
1
2πN
)3/2N
×
 Vp∏3
i=1
(
C
(a)
ii +C
(b)
ii
)1/2

1/N
e−C
−1
zz 〈kz〉
2
. (35)
On the other hand, the z-omponent of the average
momentum is equal to
〈kz〉 =
1
2
(
〈kz〉a + 〈kz〉b
)
=
=
(α/π)3/2
2za(β)
∫
d3k
(2π)3
kz exp
[
−βω(k)− α(k − k0)
2
]
+
(α/π)
3/2
2zb(β)
∫
d3k
(2π)3
kz exp
[
−βω(k)−α(k+k0)
2
]
. (36)
We notie that the hange of the integration variable
kz → −kz in integral (21) at x = 0 makes it evident
that za(β) = zb(β). Using this equality, we obtain, from
Eq. (36), that
〈kz〉 ∼
∞∫
−∞
dkz
2π
kz e
−βω(k)
[
e−α(kz−k0z)
2
+e−α(kz+k0z)
2
]
.
Here, the integrand is no more than a produt of an
even and an odd funtions. Owing to the symmetry
of integration limits, the result of integration vanishes.
At last, we have 〈kz〉 =
1
2 (〈kz〉a + 〈kz〉b) = 0, i.e.
〈kz〉a = −〈kz〉b. This result was expetedly obtained
for idential nulei when P tot equals zero.
Taking into aount that za(β) = zb(β) and
the matries Cˆ(a) and Cˆ(b) are diagonal, we draw a
onlusion that those matries oinide, i.e.
Ĉ(a) = Ĉ(b) = Ĉ . (37)
As a onsequene, we an simplify Eq. (35) and write
down the ultimate expression for the single-partile
partition funtion:
lim
N→∞
z(β) = za(β) zb(β) =
=
(α
π
)3 ∫ d3ka
(2π)3
exp
[
−βω(ka)− α(ka − k0)
2
]
×
∫
d3kb
(2π)3
exp
[
−βω(kb)− α(kb + k0)
2
]
, (38)
where the approximation
(
1
4πN
)3/2N  Vp(
det Ĉ
)1/2

1/N
≈ 1,
fair at large enough N , was taken into aount.
Hene, on the basis of the proposed approah,
the following nonequilibrium two-soure distribution
funtion has been obtained:
f(ka,kb)=
(α/π)3
za(β)zb(β)
exp
[
−βω(ka)−α(ka − k0)
2
]
× exp
[
−βω(kb)− α(kb + k0)
2
]
, (39)
where in aordane with (24)
za(b)(β) =
(α
π
)3/2 ∫ d3k
(2π)3
e−βω(k)−α(k∓k0)
2
. (40)
One an see that two-soure distribution funtion (39)
demonstrates features assoiated with the entral limit
theorem, whih manifest themselves in the availability of
two Gaussians, symmetrially loated in the momentum
spae (remind, the analysis is arried out in the .m.s. of
two olliding nulei). Atually, the latter is the reason for
the name two-soure. The proposed approah allowed
not only the expeted general result to be obtained,
but also the expression for the dispersion and the
distribution enters to be dedued, whih an be heked
up experimentally in nuleus-nuleus ollisions.
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In partiular, we note that the inrease of the
number of ollisions M and the aessible volume in the
momentum transfer spae, whih is determined by the
parameter pmax (see (20)), gives rise to the smearing of
this eet and the transformation of the distribution into
the thermal one.
3.3. Single-partile spetrum
Consider the spetrum of partiles, d3N/d3p, after
freeze-out. If every nuleon from the large system,
aording to the proposed model, takes part in M
ollisions, the spetrum an be obtained by averaging
the quantity (as well as an arbitrary funtion D(ka,kb)
of random variables)
D(p,ka,kb) = Nδ
3(p− ka) +Nδ
3(p− kb) (41)
over the values of ka and kb with making use of two-
soure single-partile distribution funtion (39), i.e.
〈D〉 =
∫
d3ka
(2π)3
d3kb
(2π)3
D(p,ka,kb) f(ka,kb) , (42)
Then, after averaging the random quantity (41), the
spetrum, d3N/d3p =
〈
D
〉
, looks like
d3N
d3p
= N
(α
π
)3/2
e−βω(p)×
×
[
1
za(β)
e−α(p−k0)
2
+
1
zb(β)
e−α(p+k0)
2
]
(43)
with α dened in (20). The spetrum (43) is
obtained as a sum of two terms whih represent
the two-soure struture: the rst ontribution ∝
exp [−βω(p)− α(p− k0)
2]/za is assoiated with nuleus
A, and the seond ∝ exp [−βω(p)− α(p+ k0)
2]/zb is
assoiated with nuleus B.
If we onsider the initial momentum k0 = (0, 0, k0z),
the spetrum possesses two maxima near the two values
of the longitudinal momenta: pz = k0z and pz = −k0z.
Let the notation p2⊥ stands for p
2
x+p
2
y; then, the partile
spetrum in the momentum spae looks like
d3N
d3p
=
N (α/π)
3/2
z0(β)
e−βω(p)−αp
2
⊥ ×
×
[
e−α(pz−k0z)
2
+ e−α(pz+k0z)
2
]
, (44)
where
z0(β) =
(α
π
)3/2 ∫ d3k
(2π)3
e−βω(k)−α[k
2
⊥
+(kz−k0z)
2] . (45)
3.4. Eetive temperature at k0 = 0
It is worth noting that in kineti approah, where
the distribution funtion depends on time, f(t,k), the
temperature an be determined just onventionally. The
latter problem is analogous to a denition of instant
veloity of the objet, whih moves with aeleration.
Atually, in our approah we parametrize the time axis
by the number of partile ollisions M = 〈ν〉t, where
〈ν〉 is the mean frequeny of ollisions and t is the time
interval. In this sense the obtained distribution funtion
(39) with respet to variable M an be regarded as
a nonequilibrium one (M ∝ time) and the parameter
β = 1/T annot be regarded as an inverse temperature.
Just in the asymptoti regime when t → ∞ or on
our language M → ∞ the distribution funtion (39)
transforms to the Boltzmann one and the parameter T
beomes the Boltzmann temperature. Note, for the sake
of simpliity we do not onsider speial statistis so far.
Model, whih desribes a subsystem of partiles with
a zero initial momentum, k0 = 0, an be applied as a rst
approximation to the seondary partiles, for instane
pions, whih are reated in relativisti nuleus-nuleus
ollision. One an regard the momentum of the partile
just after reation as a rst momentum transfer, whih
is added to zero initial momentum. On the other hand, a
partiular example disussing in the present paragraph
an be regarded as a mathematial limit when k0 → 0.
First, onsider partiles, whih are reated near
threshold. In this ase a nonrelativisti behavior is
relevant to single-partile energy ω(p) ≈ m + p2/2m,
where m is the partile's mass. The subsystem under
onsideration onsists of N partiles: for ondition k0 =
0 the distribution funtion (39) redues to
f(k) =
(α/π)
3
z(β)
exp
[
−βω(k)− αk2
]
, (46)
where
z(β) =
(α
π
)3/2 ∫ d3k
(2π)3
exp
[
−βω(k)− αk2
]
. (47)
Evidently, for this initial ondition the two-soure
distribution (39) redues to the single-soure one.
An estimation for the eetive temperature an be
obtained in the following intuitive way:∫
d3k
(2π)3
e−
k2
2mT −αk
2
=
(
mTeff
2π
)3/2
, (48)
where
1
Teff
=
1
T
+
1
Tcoll
, (49)
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and the ollision temperature is dened as
Tcoll ≡
Mp2max
3m
. (50)
For the thermal wave length determined as Λ =√
2π/mT and, respetively, Λeff =
√
2π/mTeff, the
spetrum an be written down in the form
d3N
d3p
=
N Λ3eff
(2π)3
exp
[
−
p2
2mTeff
]
. (51)
We onlude immediately: the restrition of the
aessible volume in the spae of transferred momentum
and the niteness of the ollision number turn out to
eetively redue the temperature, Teff ≤ T . Really,
aording to Eq. (49),
Teff =
T
1 + T/Tcoll
≤ T . (52)
Thus, the inrease of the ollision number M is
aompanied by the growth of the eetive temperature
Teff up to its limit value T . It is the reason of why,
when the parameter M is large enough, the quantity
Teff in Eq. (51) should be replae by T . On the other
hand, if pmax tends to innity, spetrum (51) aquires
the standard form
lim
pmax→∞
d3N
d3p
=
N Λ3
(2π)3
e−
p2
2mT . (53)
In the general ase (T ∼ m), the relativisti
dispersion relationship ω(p) =
√
m2 + p2 has to be
used. Let us make the inverse Laplae transformation
of the many-partile partition funtion:
ΩN (Etot) =
1
2πi
c+i∞∫
c−i∞
dβ eβEtot ZN (β) . (54)
In order to alulate the integral on the r.h.s., we use
the saddle-point method. For this purpose, the last
expression is rewritten in the form
ΩN (Etot) =
1
2πi
c+i∞∫
c−i∞
dβ eF (β) , (55)
where Eq. (32) was used and we introdue notation
F (β) = βEtot + N log z(β). Now, the minimum of the
funtion F (β) along the imaginary axis and its maximum
along the real axis of the variable β are to be determined.
The ondition for the extremum to take plae along the
real axis (the variable β is real) looks like
1
N
Etot = −
1
z(β)
∂z(β)
∂β
. (56)
The solution of this equation with respet to β gives the
value of the parameter T = 1/β, whih orresponds to
the average energy value per partile, namely, Etot/N .
Here, we may use the expliit form of the single-partile
partition funtion (47) to obtain
1
N
Etot =
(α/π)3/2
z(β)
∫
d3k
(2π)3
ω(k) e−βω(k)−αk
2
. (57)
We obtained a transendental equation with respet to
the parameter β. The value od this parameter, whih
is the root of equation, diers from the value, whih is
determined from the similar equation for the ideal gas
1
N
Etot =
V
zid(β)
∫
d3k
(2π)3
ω(k) e−βω(k) , (58)
where
zid(β) = V
∫
d3k
(2π)3
e−βω(k) , (59)
is the single-partile partition funtion for the ideal gas.
Similarly to what was done in the non-relativisti
ase, one an introdue the idea of eetive temperature
Teff = 1/βeff in the following way:
−
1
z(β)
∂z(β)
∂β
= −
1
zid(βeff)
∂zid(βeff)
∂βeff
,
where in the non-relativisti ase the equality is valid
when βeff = β + 1/Tcoll. I.e., by denition the eetive
temperature, is the temperature of ideal gas, at whih
9
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Fig. 4. The average single-partile energy after 5 (upper
panel) and 10 (lower panel) onseutive eetive sattering
for Etot per partile equals 200, 400, and 800 MeV (solid
urves from bottom to top); and the average single-partile
energy for ideal gas of pi-mesons (dashed line).
the average single-partile energy, whih is equal to
Etot/N , is the same:
(α/π)3/2
z(T )
∫
d3k
(2π)3
ω(k) e−
ω(k)
T
−αk2 =
=
V
zid(Teff)
∫
d3k
(2π)3
ω(k) e
−ω(k)
Teff . (60)
In our illustrative example we assume that the pion
energy, whih orresponds to the maximal momentum
transfer, pmax, sales like the mean energy per partile:
Etot/N =
√
m2π + 3p
2
max , where mπ is the pion mass.
In Fig. 4, the results of alulations of single-partile
average energy of pions in aordane with Eqs. (57)
(solid urves) and (58) (dashed urve) are depited as
the funtion of the parameter T (temperature for the
ase of ideal gas). The horizontal straight line in this
gure orresponds to a onstant value of single-partile
average energy, 〈ω(k)〉 = const. The intersetions of this
straight line with a urve determine the temperature,
whih orresponds to this value of the single-partile
average energy. Therefore, xing the average value of
the energy per partile, we ome to a onlusion that
the eetive temperature determined by the intersetion
with the dashed urve is lower than the value of the
parameter T , whih is determined by the intersetion
with the solid urve, i.e. Teff ≤ T .
Suh a situation ompletely orresponds to the
relationship between the eetive temperature and
parameter T in non-relativisti systems (52). Similarly
to the non-relativisti ase, the eetive temperature
is a limit value for parameter T , whih is reahed
after a suiently large number of ollisions M ours
and/or provided that the aessible momentum spae is
unonned, i.e. T → Teff , if M →∞ and/or pmax →∞.
4 Disussion and Conlusions
In this work, on the basis of the model proposed for
the ollision of two relativisti many-partile systems
(for example, nulei), the proess of thermal equilibrium
establishment has been analyzed. This proess was
parametrized by the number of eetive ollisions per
nuleon: every eetive ollision brings about the total
randomization of the nuleon momentum transfer. Note
that in kineti models, in ontrast to our approah,
the proesses of reahing the thermal equilibrium are
parametrized by time rather than the ollision number.
The main result of the work is the expliit expression
(39) for the two-soure nonequilibrium distribution
funtion, whih depends on the ollision number and the
eetive volume of the single-partile spae of allowed
momentum transfer. This volume is determined by the
parameter pmax. There is one more essential feature of
the distribution funtion (39): it arries memory of the
state of nulei before ollision, i.e. the initial momentum
of nuleons, k0, of one nuleus and the initial momentum
of nuleons, −k0, of another nuleus. The immediate
suessful appliation of the two-soure distribution (39)
is evaluation of the single-partile spetrum (43). The
spetrum has two items, whih an be attributed to the
rst and to the seond olliding nulei, respetively, and
in aordane with this struture it an be named as a
two-soure single-partile spetrum.
In appliation to relativisti nuleus-nuleus
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ollisions we extend a statistial model where the many-
partile partition funtion, whih desribes the many-
partile system just after freeze-out, is dened as a
multi-dimensional phase-spae integral (see e.g., [811℄).
In this approah the single-inlusive partile spetrum,
whih is reated in multipartile prodution proess,
is attributed to the volume of 3(N − 1) dimensional
momentum spae of the unobserved N − 1 partiles
ω(k1)
dσ
d3k1
∝
∣∣
M(K, k1, k2, . . . , kN )
∣∣2
×
∫ N∏
i=2
d3ki
ω(ki)
δ4
(
K − k1 −
N∑
i=2
ki
)
, (61)
where k1, . . . , kN are the nal momenta of all partiles
after freeze-out with k0i = ω(ki), K is the nal
total 4-momentum of the system of these partiles,
and k2, . . . , kN are the xed values of the momenta
determined by the law of the mean when one extrats
|M(K, k1, k2, . . . , kN )|
2
from the integrand on the r.h.s.
of (61). Note, |M|2 is the modulus squared matrix
element of the multipartile prodution proess, whih
in a simplest version of the statistial model is adopted
as a onstant due to phase-spae dominane.
Atually, the matrix element of the multipartile
prodution, M(K, k1 . . . , kN ), does not desribe the
interations of the reated partiles (nal-state
interations [10℄) before deay of the system. At the same
time, these interations are responsible for a partial or
a full thermalization of the system.
In future, in the spirit of the present work, we plan to
inlude in (61) the resattering of the seondary partiles
after their reation till the freeze-out in the same manner
as it is proposed above within the maximal isotropization
model.
So, in the framework of the quasi-miroanonial
onept (total energy is xed) of the statistial model,
(61), one annot say how many resattering every
partile went through after reation and before freeze-
out, moreover if there been any resattering at all
(imaging that the system of neutrinos is reated).
Atually, without answer to this question it is not
possible to shift onsideration to the anonial ensemble
(temperature-xed) [11℄. That is why, with respet just
to expression (61) and without omplementary kineti
arguments, whih aount for partile resattering, one
annot say to what extent thermalization proess takes
plae in the system before the partiles are freezed out.
At the same time, in our approah we onsidered
suessive ollisions between partiles during evolution
of the system and obtained the nonequilibrium single-
partile distribution funtion (39), whih shows the
degree of thermalization in the system. That is,
we onsidered the proess of thermal equilibrium
establishment as a funtion of the nite number of
ollisions per partile, M , before freeze-out. It has to
be noted that the parametrization of a nonequilibrium
proess by the number of ollisions per partile is
espeially promising in the range of relativisti energies,
beause the ollision number is an invariant with respet
to the hange of the referene frame.
We parametrize the time axis by the number of
partile ollisions M = 〈ν〉t, where 〈ν〉 is the mean
frequeny of ollisions and t is the time interval. If one
onsiders a dependene of the distribution funtion (39)
on the variable M , exatly in this sense he an regard
this distribution as nonequilibrium one (M ∝ time).
Inrease of M eetively mimis an approah to the
Boltzmann distribution (for the sake of simpliity we
do not onsider speial statistis in this issue). If the
number of ollisions, M , is xed, it means that the
proess of thermalization stopped at the moment when
the partiles had experiened just M ollisions what
results in a partial thermalization of the system. So, the
level of thermalization and isotropization depends on the
number of eetive ollisions, M , whih is determined,
rst, by the life time of the system or more preisely by
the number of physial ollisions of every partile, Ncoll,
and, seond, by the level of randomization of momentum
transfer in every physial ollision. As we have disussed,
a degree of randomization of the partile momentum
transfer attributed to a single physial diagram (see
Fig. 1) varies from one for elasti ollisions to three for
inelasti reations, when a yield of seondary partiles
is large. Note, this onerns just the hadroni proesses,
and we keep aside so far all issues related to the quark
gluon plasma.
So, we understand the relation of the value of the
ollision number M to the degree of thermalization in
the system. Let us disuss how the number of eetive
ollisions depends on ollision energy. For instane, we
make a shift from AGS energies to SPS ones (we x
entrality and the type of nulei). First, with inrease of
energy the number of physial hadron ollisions, Ncoll,
dereases. Indeed, when one onsiders the sequential
reations of a nuleon in the framework of UrQMD
[12,13℄, he nds a less number of the physial diagrams
(like that depited in Fig. 1) at SPS energies than at
AGS energies. Remind, the number of eetive ollisions
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is determined as:
M =
1
3
Ncoll∑
i=1
d(i)p , (62)
where d
(i)
p is the number of random degrees of freedom
gained by every partile during i-th ollision (see
disussion after Fig. 1). Hene, with inrease of ollision
energy the number of items in the sum (62) dereases.
On the other hand, the mean value of every item in the
sum (62) inreases beause of inrease of the yield of
seondary partiles. However, as we showed, the reation
of seondary partiles an inrease the number, M , of
eetive ollisions not more than by the fator three. So,
there are two mehanisms, whih determine the number
of eetive ollisions M and hene they determine the
degree of thermalization of the nuleon system. At
the same time, these two mehanisms ompete with
one another with inrease of the ollision energy. For
instane, in ase of their balane, the dependene of M
on the ollision energy is absent. It is neessary to add for
ompleteness, that the parameter pmax, whih inuenes
also on the degree of thermalization (see denition (20)),
evidently inreases with inrease of ollision energy.
To give an expliit example we evaluate the eetive
temperature of the subsystem of partiles for partiular
initial ondition: initial momentum of partiles equals
zero, k0 = 0. This ase may be regarded as a toy model,
whih onsiders the resattering of the partiles reated
in nuleus-nuleus ollision (momentum of the partile
just after reation is regarded as a rst momentum
transfer) or as a mathematial limit when k0 → 0.
Eetive temperature, Teff , is dened as a temperature
of the ideal gas of the same partiles with the same mean
energy per partile. It turns out that the temperature of
the ideal gas under this ondition is always lower than
the inverse parameter T = 1/β from the nonequilibrium
distribution (39) when the number of ollisions, M , is
nite. The temperatures biggin to oinide, Teff → T ,
when ollision number is big enough, M →∞.
We hope that the distribution funtion derived in the
present paper will help to understand better the eet
of the hadroni resattering in non-entral relativisti
ollisions of heavy ions on the azimuth anisotropy of the
momentum spetra (ellipti ow) [14℄.
A omparison of the results obtained theoretially
with experimental ones will be arried out elsewhere.
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